We determine the second homology group of the homological Goldman Lie algebra for an oriented surface.
Introduction
By a surface, we mean an oriented two-dimensional smooth manifold possibly with boundary. The first homology group of a surface and its intersection form reflect the topological structure of the surface. For example, they have information about the genus and the boundary components of the surface. To study them in detail, we consider a Lie algebra coming from them. Goldman introduced the Lie algebra for study of the moduli space of GL 1 (R)-flat bundles over the surface. We define the Lie algebra in more general setting.
Let H be a Z-module, which is not necessary finitely generated, and −, − : H × H → Z, (x, y) → x, y , an alternating Z-bilinear form. For example, we consider that H is the first homology group of a surface and −, − is its intersection form. We define Z-linear map µ : H → Hom Z (H, Z) by µ(x)(y) = x, y for x, y ∈ H. Denote by Q[H] the Q-vector space with basis the set H; Our purpose is to study the algebraic structure of the homological Goldman Lie algebra. In the previous paper [7] , we determined all the ideals of the homological Goldman Lie algebra. In particular, the derived Lie subalgebra Q [H] ( In the present paper, we determine the second homology group [3] of the homological Goldman Lie algebra. That is, our main theorem in this paper is the following. Theorem 1. If −, − = 0, we have isomorphisms
Goldman introduced a more geometric Lie algebra as follows. Let Σ be a surface. Denote by [S 1 , Σ] the set of free homotopy classes of free loops on Σ. For two free loops α and β on Σ in general position, we define
, where ε(p; α, β) is the local intersection number of α and β at p, and α · p β is the free homotopy class of the product in the fundamental group π 1 (Σ, p) with base point p. The bracket induces a well-defined binary operation in Q[[S 1 , Σ]], the Q-vector space with basis the set of homotopy classes of free loops, and the operation is skew and satisfies the Jacobi identity [2] 
(1) ) is surjective, where the map
is the induced map by the projection
Define the Q-linear map K :
In Theorem 10, we prove that if −, − = 0, then the composition
(1) ) is surjective. The Lie subalgebra g K is related to the Kontsevich's "commutative" [5] as follows. Assume that H has a symplectic basis {x i ,
. 
, is a Lie algebra homomorphism. By composition, we have a Lie algebra homomorphism
, which is a Lie subalgebra of ∞ m=1 Sym m (Q ⊗ H) and the degree completion of Kontsevich's "commutative". The Lie subalgebra g K is exactly the inverse image of c g by the Lie algebra homomorphism stated above. The Lie algebra c g equals the Lie algebra of formal Hamiltonian vector fields ham 2g , which has been studied in the context of symplectic foliation [1] [4] [6] . It would be interesting if we could describe the relation between the second cohomology group of ham 2g and that of our g K .
In Theorem 13, we construct an explicit nontrivial cohomology class in
Preparation 2.1 Derived algebra of some subalgebra
Let S be a subset of H. Then we define S (1) := {u+v ∈ H | u, v ∈ S, u, v = 0}. For example, we have
In fact, assume x ∈ H (1) . Then there exist u and v ∈ H with u, v = 0 and x = u + v. Since x, v = u, v = 0, we have x ∈ H \ kerµ . Conversely, assume x ∈ H \ kerµ. Then there exists y ∈ H with x, y = 0. Since x − y, y = x, y = 0 and x = (x − y) + y, we have x ∈ H (1) .
Proposition 2. Q[S] is a subalgebra of Q[H] if and only if
, there exist u and v ∈ S with x = u + v and u, v = 0. We have
In both cases we have ) ]. This completes the proof of the proposition.
On the other hand, we can decompose Q[H] into the center and the derived subalgebra,
By the same reason, the cochain maps C * (ι (1) ) and
Decomposition of (co)homology
Let S be a subset of H with S (1) ⊂ S. For p > 0 and z ∈ H, denote by
(1) .
Inner component
Fix an element z ∈ kerµ in this section. Denote byÎ the Q-algebra ideal in
The generator system ofÎ consists of homogeneous elements about degree p ∈ {0, 1, 2, . . .}. Then we haveÎ =
The generator system ofÎ consists of homogeneous elements about degree x ∈ H. Then we haveÎ
Dually, we define the subspaceĈ
Proof. For u 1 , . . . , u p ∈ H with u 1 + · · · + u p = z, we have
This completes the proof of the proposition.
By Proposition 3, we can define a Q-linear map
Proposition 4.
There is a natural Q-linear isomorphism
Proof. Define a map f :
We denote by S p the symmetric group of degree p. For σ ∈ S p with σ(p) = p, we have
Hence we have f (u σ(1) , . . . , u σ(p) ) = (sgnσ)f (u 1 , . . . , u p ) for σ ∈ S p . This induces the Q-linear map f :
This mean f (I p,(z) ) = 0 and f induce f :
We construct the inverse map. Define the map g : (c, u 1 , . . . , u p−1 ) for σ ∈ S p−1 . Moreover the map g is also Z-p-linear. In fact, we have
Hence the map g induces the Q-linear g :
Clearly g is the inverse of f .
Dually, we have an natural isomorphism
. For the rest of this subsection, we confine ourselves to the only second homology group. We have
Proof. For u, v ∈ H (1) with u + v ∈ H (1) , we have
Hence we obtain C 2 (ι
(1) and u, v = 0, we can take x ∈ H (1) with u, x = 0, v, x = 0 and u + v, x = 0. Then we
. This completes the proof of the proposition.
By Proposition 5, the composition H
By Propositions 4, 5 and 6, we obtain a natural isomorphism
4 Outer component
Proof. We can take y ∈ H with y, z = 0. Define Φ p :
We can check
. This shows the proposition.
Combine this proposition and the results of the section 3, we obtain the main theorem. If we consider the case when −, − is non-degenerate, we have the following corollary.
Corollary 8. If −, − is non-degenerate, we have an isomorphism
Let Σ be a compact surface. Let g be the genus of Σ and r the number of the cardinality of the set of the connected components of the boundary of Σ. We consider the surjection from the Goldman Lie algebra of Σ onto the homological Goldman Lie algebra of the first homology group of Σ with the intersection form.
We recall the definition of the homomorphism. We identify
Hence we have the abelianization map q a : π 1 (Σ, * ) → H 1 (Σ, Z). This is a group homomorphism. We can identify [S 1 , Σ] = π 1 (Σ, Z)/conj. since Σ is connected. Hence we have the quotient map q c :
. This map is given by forgetting the base point. This induces the map between the second homology groups of the Lie algebras. Take a projection q : [
] the Q-linear extension of q. This is the desired Lie algebra homomorphism.
Proof. If H (1) = ∅, then we have Q[H 1 (Σ; Z) (1) ] = 0. Hence the proposition holds. Assume H (1) = ∅. Then we have g ≥ 1. Fix a base point * ∈ Σ. Take based oriented loops α 1 , β 1 , . . . , α g , β g , γ 1 , · · · , γ r as follows. (g = 2, r = 3)
The set {α 1 , β 1 , . . . , α g , β g , γ 1 , · · · , γ r } is a generator system of the fundamental group π 1 (Σ, * ) of Σ. They satisfy the relation
which is a defining relation of the group π 1 (Σ, * ). Set q a (α i ) = A i , q a (β i ) = B i and q a (γ j ) = C j . They satisfy A i , A j = B 1 , B j = C i , x = 0 and A i , B i = δ i,j . In particular, the kernel ker µ is generated by C 1 , . . . , C r ∈ H with the defining relation C 1 + · · · + C r = 0. Theorem 1 says that the set {[u] ∧ [z − u] | x ∈ {A 1 , B 1 , . . . , A g , B g , C 1 , . . . , C r }, z ∈ ker µ} generates H 2 (Q[H 
